In the present work it is explained how the architect Felix Candela got to analyse the roof long cylindrical shells in reinforced concrete using an method based simply on equilibrium equations. All this, in a moment in which the elastic theory of shells becomes practically impossible to apply due to the involvement of eighth-order differential equations. Felix Candela 'objective was to get a safely and easily calculation method, respecting the assignment of reinforced concrete and, therefore, obviating the considerations of compatibility and deformation that could undergo the structure. This method, developed previously by other engineers, is explained mathematically choosing an example of work of Félix Candela, done by roof long cylindrical shells, and making the necessary structural calculations proposed.
Introduction and Description of the problem
The first long cylindrical reinforced concrete shell appeared in Germany in 1924, in the roof of a building that was to be used as a factory by the company Zeiss.
Until the 1920s, and in Germany in particular, the structural behaviour of thin reinforced concrete shells was studied as if they were "membranes". These studies, begun by R. Maillart and later formulated by H. Reissner and F. Emperger (Reissner, 1908; Emperger, 1910) , found that if the stresses in a thin but sufficiently rigid shell were only compressive, tensile and tangential, were all contained within the shell's thickness and there were no bending stresses at any point, the sheet could be very thin -just a few centimetres thick -in order for its shape and support conditions to meet certain basic conditions. The structure therefore no longer solved the resistant problems in terms of a cross-section, but instead did so using the pure form; thereby satisfying the principle of economy of material that was so important to engineers and builders at that time. Reinforced concrete was obviously the material that complied with this mathematical model, due to its moldability, as it contained reinforcements to counteract tensile and shear stresses.
Meanwhile, reinforced concrete cylindrical shells became widespread types of structure able to cover large spans with a minimal use of material in construction after the First World War. As a result, a new construction system emerged, with a geometry that was ideal for covering utilitarian spaces, such as stations, warehouses, factories and hangars; in short, spaces with large spans which had previously been constructed in steel. In view of the demand for these new types of buildings, it became necessary to establish a mathematical foundation that was able to calculate them before they were constructed. Elastic Theory was applied due to its widespread use in the structural calculations of the time (Figure 1 ). Figure 1 . Long cylindrical shells on the roof, under construction, in the Dywidaghalle. (Dischinger & Finsterwalder, 1926) .
The theory of elasticity began to be implemented in the structural calculation of long cylindrical shells in Germany in the 1930s, as a result of the work by the engineers U. Finsterwalder (Finsterwalder, 1928 (Finsterwalder, , 1932 (Finsterwalder, , 1936 and Fr. Dischinger (Dischinger, 1926 (Dischinger, , 1928 (Dischinger, , 1930 (Dischinger, , 1935 (Dischinger, , 1936 , and later by the Norwegian A. Aas Jakobsen (Jakobsen, , 1939 (Jakobsen, , 1940 (Jakobsen, , 1941 . The mathematical formulation provided by analytical theory, which was at that time widely used and referred too ideal, homogeneous and isotropic materials complying with Hooke's law, was also applied to the structural calculation of long cylindrical reinforced concrete shells, without any consideration being given to the characteristics of the new construction material used.
However, it was practically impossible to apply the elastic theory of shells, as it involved solving complex eighthorder differential equations, based on unreal hypotheses about the surrounding conditions and the structural material used. All these hypotheses involved either idealising a reality that was impossible to ascertain a priori, or referred to an ideal, homogeneous and isotopic material, when reinforced concrete does not have any of those properties. It was always impossible to guarantee that the state of stress obtained in the shell represented the indisputable "real state" of the structure. Consequently, some obvious and significant insurmountable inconsistencies between the results obtained from the elastic calculation and the results under real conditions and in tests began to appear. This was all due to shortcomings of manufacturing and execution, and above all, small geometric variations in the structure, which were basically unknowable and impossible to anticipate in the calculation.
In this context, in 1944 the Danish engineer Knud Winstrup Johansen published a very important article in which he carried out a structural analysis of a long cylindrical shell in a real roof (Johansen, 1944) . The calculation was based solely on the equilibrium equations approach, thereby enabling a simple and reliable calculation of these structural types. Other engineers such as the Hungarian G. Kazinczy (Kazinczy, 1949) and the Dane H. Lundgren (1949) subsequently continued with this type of study; it was the latter, as well as K.W. Johansen who formulated a practical, clear and simple theory for application based on the equilibrium approach in the late 1940s.
From 1950 onwards, until the appearance of computer technology, the structural analysis of long cylindrical roof shells involved either performing the relevant calculations based on elastic theory, and as such accepting the need to solve complex mathematical calculations based on unreal hypotheses, or on the other hand, applying methods based on the stress balance approach, thereby facilitating a simple and reliable calculation based on the balance approach. The latter method was used by some engineers and architects to calculate these structural types; these included the architect Félix Candela Outeriño.
Despite the fact that a great deal has been written about the application and development of elastic calculation in the specific case of long cylindrical reinforced concrete roof shells, this study will attempt to fill a void in the existing knowledge concerning these structural types. This void is in the application of calculation methods based on the approach using stress equilibrium equations, which enabled architects like Félix Candela to construct these types of buildings safely.
For this reason, the objective is to perform the calculation of a real long cylindrical shell, chosen from among the works executed by Felix Candela, based exclusively on stress balance approaches as discussed below.
State of the art Félix Candela's influence on the relationship between geometry and structural analysis
A great deal has been written about the life and work of the architect Félix Candela Outeriño (1910 -1997 ; however, there has been very little examination of the impact of this knowledge on how geometry was used in the calculation of his structures.
Laminar reinforced concrete structures, which had been built in Europe since the 1920s, had attracted the attention of the young Candela during his studies for his degree. However, it was not until 1945, six years after his arrival in Mexico, when Candela concentrated on their study and structural analysis (Candela 1951 (Candela , 1955 (Candela , 1958 (Candela , 1963 . It was at this point that as part of his quest to find new calculation methods that were simpler than those provided by the application of elastic theory, Candela became interested in reading other texts, as well as the German texts (Faber, 1963) .
The obsessive introduction of elastic methods in all structural systems was also not shared by some prestigious engineers, such as K.W. Johansen (Johansen, 1944 , H. Lundgren (Lundgren, 1946 (Lundgren, , 1949 or even G.v. Kazinczy (Kazinczy, 1946 (Kazinczy, , 1949 , whose work and research could by no means be dismissed as superficial. Thanks to these texts, Candela gave in-depth consideration to the assumption that reinforced concrete shells could be analysed by applying simpler methods, based on the different states of equilibrium that the structure can adopt, depending on its geometry and the application of loads, i.e. based on the structure's approach to balance (Candela, 1951) .
From a universal point of view, the determining factor in the choice of a structural form or geometry is the real state of the analytical technique that must be used in the preliminary investigation or analysis of the structure. For this reason, Candela decided that analysing and executing these geometries would determine whether what had previously been written about them was true or not. Candela used this method to calculate and execute his reinforced concrete shells (Candela, 1963 (Candela, , 1970 Garlock & Billington, 2008) .
From 1950, Candela uses the method of the beam, and no other to perform the structural calculation of long cylindrical shells, considering it a method based on the hypothesis that the shell works as if a beam straight, hollow and circular cross section was. Therefore, the shell is calculated longitudinally and transversally, as a whole, as if it were a beam. Candela considers that of the geometric analysis of the transverse and longitudinal sections of long cylindrical shells for roofs can obtain different states of equilibrium, in order to enable a simple and accurate calculation of the structure (Faber, 1963) .
The various states of equilibrium obtainedin the shell are obtained depending on the transverse geometry of the shell, the location of the neutral fibre and the various arrangements chosen for the reinforcement, as shown below, it will be demonstrated.
The state of equilibrium obtained from purely geometrical considerations is therefore a solution to the problem, but not the only one.
Still, Candela writes about the need of checking the safety of the shells against buckling (Candela, 1951) by employing the empirical formulas by H. Lundgren (Lundgren, 1949) .
Methodology
In 1951, Félix Candela constructed his first long cylindrical shell for the roof of the Pisa Warehouse, in San Bartolo, in the State of Mexico (Figure 2 ).
Edge beams and joints between contiguous units appear in the shells that make up the structure of this building. Candela himself justified the use of these elements, arguing that at that time he was unaware of the advantages of continuity in cylindrical shells made of reinforced concrete. This structure also contained one of Candela's first sinusoidal flagstones (the first was the one constructed in the cantilever roof of Boliches Marsella, in Mexico City in 1950); this type of sheet is based on the same principles as the long cylindrical shell, but the transverse bending moments are practically negligible due to its size. The theory formulated by K.W. Johansen and subsequently developed by H. Lundgren (Johansen, 1944; Lundgren, 1949) was studied and applied by Félix Candela in his structural analysis of long cylindrical roof shells. Years later, J. A. Tonda Magallón, a follower and collaborator of Candela, would disseminate this theory in Spanish with the publication of his book in 1973 (Tonda, 1973) .
The structural analysis method used is based on the long cylindrical shell's similar behaviour to that of a reinforced concrete beam (Figure 3) , which has the following calculation process: Figure 3 . Diagram of similarity between a reinforced concrete beam and a long cylindrical shell (Faber, Echegaray, & Candela, 1970) .
Results

Longitudinal calculation of the shell
First, it is necessary to obtain the value of the permanent and variable external forces acting on the shell. After measuring the angle  in radians, the angle forming the base of the shell with the horizontal, and incorporating the geometry of the cylindrical shell to that of a beam, the total bending moment is given by the expression (Lundgren, 1949 ):
where l represents the span of the shell and is the vertical resulting from the load per unit of length on the axial axis x.
When the shell is considered a beam throughout the entire calculation process, and is only subject to bending on its vertical plane. The stresses in direction x, , are given by the same expression as for the simple bending of a beam (Lundgren, 1949) 
where is the bending moment due to the load , is the moment of inertia of the transverse section of the beam, for the neutral line and the centre of gravity G and Z is the specific distance from the point to the neutral fibre of the cross section of the shell.
The value of this bending moment is resisted by the internal stresses; as such, it is necessary to calculate the magnitude of the stresses in order to determine the amount of reinforcement required in the shell. The values of these stresses depend in turn on the lever arm, the distance between the centre of compressions and stresses, which is determined by means of extremely simple expressions derived from the geometry of the shell to be studied itself (Figure 4 ).
The resultant amount for the axial stress, Nx, for each 10 cm of the width of the edge beams, as well as the necessary reinforcement area within them are given by the expressions (Lundgren, 1949 ):
The resultant amount for the tractions is located in the centre of masses in the steel reinforcement area. Meanwhile, the resultant amount for the compressive forces would be located at a distance of 1/5, where the distance between the crown or upper point of the shell and the centre of gravity of the shell is determined ( Figure  4 ). Obtaining the neutral axis of the state of equilibrium in the cross-section of the long cylindrical shell projected by F. Candela for the Pisa Warehouse, San Bartolo, State of Mexico. Source: self-elaboration according to data collect (Faber, Echegaray &Candela, 1970) .
The calculation of the theoretical distance of the lever arm in the shell and the location of the centre of stresses would thus be determined immediately by (Lundgren, 1949 ):
The state of equilibrium in the shell is therefore achieved by transferring the stress from the areas under most strain to the areas under least strain; this all depends on the transverse gometry of the shell, the location of the neutral axis or lever arm, and the various provisions made for the reinforcement. The lever arm is obtained by selecting a neutral line in the cross-section of the shell, and the internal stresses are counteracted with the moments due to loads. As shown above, the area for reinforcement required for this particular state of equilibrium is obtained by basic arithmetic.
The state of equilibrium thereby obtained is one solution to the problem, but not the only one. On this basis, and given a cross-sectional geometry, it is possible to study any state of the structure in which equilibrium between the acting forces occurs.
Transverse calculation of the shell
Similarly, based exclusively on considerations purely of geometry and balance, the shear stresses and their location in the cross-section of the shell can also be calculated.
The maximum value of the tangential stress will be determined by Lundgren (1949) :
As a result, the reinforcement area necessary would also be obtained immediately.
After calculating the maximum values of the normal stress in the direction of the shell, Nx, and of the tangential stress, Nx, it is possible to obtain the value of the normal stress in the direction tangential to the curve, N, the bending moment in the direction tangential to the curve, M (transverse moments) and finally, the shear stress in the direction tangential to the curve, Q.
To that end, two cross-sections are selected in the long cylindrical shell, which are separated from each other by a very small distance, dx=1. On this basis, it is possible to calculate the transverse moments considering the balance in this transverse strip.
If the arc constituting the cross-section of the shell is divided into two halves, and each half is divided into eight parts ( Figure 5 ), an area of with a concentrated range can be assumed to be in the centre of each one. This provides successive tangential stresses, with each one belonging to each range, instead of a single stress in the cross-section of the shell. (Lundgren, 1949) According to this division, the first interval, 0-2, would be for the location of the edge beam, on the edge of the shell, with an area considered uniformly distributed throughout its height of 2 m.
With all these data, as well as those for the geometry of the section (Figure 5 ), the data shown in the following table can be obtained: (Faber, Echegaray &Candela, 1970) Points where:
The first column shows the various intervals in which the arc that forms the cross-section of the shell has been divided (0, 2, 4, …, 18).
The second column represents the distances, according to the axial axis y, from the initial or intermediate point of each interval of the arc to the point G, or the centre of gravity of the shell ( Figure 5 ). This second column is divided in two. The first refers to the distances from the initial points in each interval, while the second is the distances from the intermediate points; as mentioned above, they all relate to point G.
The third column shows the same as the second, but in this case the distances are measured according to the axial axis z.
The fourth column shows the values for 2 , the value necessary to resolve Izz, the value of the point of inertia for the neutral line and the centre of gravity of the cross-section of the shell, using the following expression (Lundgren, 1949 ):
The static moments, such as the area of each interval of the arc, , are considered to be concentrated at the mid-point of the interval, (3, 5, 7, …, 17) , the value of the static moment is considered constant within the same interval and concentrated at its midpoint. Similarly, the load q is considered to be uniformly distributed in each interval.
The value of the tangential forces in each interval of the arc, N'x, is obtained by the expression 2 with the data obtained in the previous columns; and their vertical and horizontal components.
Having obtained the components of the tangential forces, ( ′ ) and ( ′ ) , which arise at each point, adding all of them together interval to interval gives the values for the horizontal and vertical components of the internal forces Ny and Nz, applied at the intermediate points of each range, as shown in the two first columns of Table 2 . As can be seen in the results obtained, the maximum compressive force is applied at the highest point of the shell, point 18 ( Figure 5 ).
The bending moments caused by internal forces, Ny and Nz, and their increases in each interval are easily found by determining the different lever arms for each interval, z and y.
As a result, the increase in the value of the transverse moment in each interval will be defined by the expression (Lundgren, 1949) :
The total of the various increases, M, can be used to obtain the value of the transverse moments in each interval, starting from a null value at the beginning.
The values for the initial moments due to the horizontal thrust that is unknown in point 2 should be added to these values. These moments can be obtained in the same way as in the case of a fixed arc; i.e. by determining the values of the reactions. The value of the total transverse moments will therefore be the value for the result of the operation (Lundgren, 1949 ):
these values appear in the final column of Table 2 , where Xc is the value of the horizontal stress.
In short, in the crown of the shell there would be a value for the normal force in the direction tangential to the curve, N, of Lundgren (1949):
As a result of all the above, the calculation of the necessary reinforcement is immediate.
In short, both the shear forces and the corresponding necessary reinforcement are calculated in the same way as in a concrete beam. The transverse moments due to tangential stresses are obtained by statics, considering the balance in a transverse strip of uniform length subject to the vertical loads acting on it; and the difference between the shear forces in both cross-sections that border the strip. This difference is considered to be unitary forces tangential to the cross-section.
Félix Candela subsequently began work on the construction of new CIBA Laboratories in 1953. In this project, in which financial considerations were not an issue, he projected long cylindrical saw-tooth cylinders on the laboratory areas ( Figure 6 ). In the roof of this building, long cylindrical saw tooth shells have a lever arm with very small internal forces, in comparison with the total overhang, to counteract longitudinal bending. This requires more reinforcement, and diagonal bars near the supports to absorb shear forces greater than those in a normal long cylindrical shell. Meanwhile, the free horizontal upper edge cannot be left unsupported because it would buckle; it must be supported by columns with a small cross-section supported on the lower edge beam of the adjacent shell, with the increase in reinforcement that this entails.
In his analysis, Candela again used the beam method mentioned in the published texts mentioned above, by the engineers K.W. Johansen, H. Lundgren and G. Kazinczy (Johansen, 1949; Lundgren, 1949; Kazinczy, 1949) In this case, the method consists of first finding the centre of inertia in the cross-section of the saw-shaped shell and its main axes. The bending experienced by the shell's cross-section is subsequently calculated using the same procedure as outlined above.
Once again, the centre of inertia of the cross-section can be found using equilibrium systems as outlined above.
In 1967, with Max Cetto, Candela executed the Tenería Temola building in Morelos, Mexico; used for leather footwear.The method used by Felix Candela to calculate the long cylindrical shells for the roofs of these buildings is therefore based on choosing the correct state of equilibria between the forces and moments acting on the chosen transverse section, which the structure adopts at some intermediate stage before it collapses. In other words, Candela analyses different certain states of equilibrium which are therefore valid obtained from the geometry of the structure.
Conclusions
Felix Candela compared the behaviour of long cylindrical shell shells to that of a hollow reinforced concrete beam in order to be able to use a simple and safe calculation method, based on the balance of stresses.
The beam method provides an equilibrium solution which is a safe solution in cases where the shell is made of a ductile material, and in the absence of instability problems; without taking into consideration the surrounding conditions in these types of structure, which are variable and impossible to determine.
The state of equilibrium in the long cylindrical shell is achieved by transferring stresses from the areas most subjected to them to those that are least. This all depends on the transverse geometry of the shell, the location of the neutral axis and the various provisions made for the reinforcement. The state of equilibrium thereby obtained is therefore one solution to the problem, but not the only one.
As a consequence of the above, one of the primary objectives of Félix Candela was to obtain conditions geometrically in cylindrical shells, and the most appropriate ratios on their edges for the purposes of calculation.
Unlike the advocates of the unique and exact solution as set out in the Theory of Elasticity, Candela considered the structural conception in relation to the natural processes of thought that man had created in order to understand and relate to the world around him; or in other words, as he said himself, "What we need is a structure, not an analysis."
